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$[1, 11, \perp 21]$
[9] Fujiwata $\theta$
$0<\theta<\pi$ $\theta$ 1 $\theta$
3 ” $\theta$- ”
$\cos\theta$
$\cos\theta=s/?\cdot,$ $r,$ $s\in \mathrm{z},$ $\mathit{0}CC- l,(r, s)=1,$ $\uparrow’>0$ $\theta$
– $C|^{t}\mathit{0}$ $\uparrow^{\mathrm{T}-S^{\underline{9}}}$
\theta -
. $’\downarrow$ ”\alpha 0 \theta
$?l$ $\theta-$
$\theta$ $0<\theta<\pi$ $\cos$ \theta
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2 $n$ square-free
$\theta=\pi/2$ c\iota \acute \mbox{\boldmath $\pi$}/2 $=1$ \mbox{\boldmath $\pi$}/2-
\theta -
1’ \theta $(r, s)$
$E,,.’$) $=.\chi’(.L+(\uparrow\cdot+s)??,)(x-(?’-S)\uparrow \mathrm{t})$
(Fujiwara, [9]). ?1$\cdot$
(1) $t1$ $\theta-$ $E_{7?,\theta}$ 3




$\mathrm{M}\mathrm{o}1^{\cdot}\mathrm{C}\iota \mathrm{C}\mathrm{l}1$-Weil 2-torsion part $E(\mathrm{Q})[21$ $\mathrm{Z}/2\mathrm{Z}\oplus \mathrm{Z}/2\mathrm{Z}$
$\{E_{?l},\mathrm{f}J\}/\cong_{\mathrm{Q}}$ $=$ { $/\mathrm{t}^{2}=(.\mathit{1}^{\cdot}-A)(x-B)(X-C,$ $)$ : , $A,$ $B,$ $C\in \mathrm{Q}$ } $/\cong_{\mathrm{Q}}$






. 1\sim $\theta$- $n$ $pq(p+q)(2\uparrow\cdot r_{-}\mathit{1}-(r-s)P)$ ,
$p,$ $q\in \mathrm{N},rJC(l.(p, q)=1$ square free part $\circ$
$p,$ $q$ square-free part $\iota\mathrm{h}$ \theta - $\circ$
10
\mbox{\boldmath $\pi$}/2-
o $\mathit{7}n_{1},$ $m_{2},$ $rn1^{\eta \mathit{1}},2>1,$ $gcd(\uparrow?\tau 1, \gamma?\mathrm{t}_{2})=1$
$.-\underline{1}$,”’ 1 $’$ } $l \cdot\underline{\cdot\gamma}(\cdot 1^{\cdot}1?^{\mathit{2}}\iota+??l,.\frac{.\supset}{.2})$ $\pi/2$- (
2.1,[14] $)$ $p=\mathrm{r}.\mathrm{t}\cdot-\underline{)}b^{2},$ $q=b^{2},$ $a,$ $b\in \mathrm{N},$ $a>l_{J},$ $gcd(a, b)=1$
$pq(p+q)(p+2q)=Cl\cdot 2b^{\mathit{2}}(a^{22}+b)(a-2b^{2})\equiv(a^{2}+b^{2})((x^{2}-b2)$ (mod $\mathrm{Q}^{*2}$ )
$???_{1},=\mathrm{r}_{-}\{$. $+b,$ $n\tau_{2}=a-b(a,$ $b$
$2\uparrow|\uparrow_{-}1,2\uparrow 1\iota 2)$ [9] \theta -
\theta - 8
[9] [3] 3 –
. (1) $\theta=\pi/2$ $p=1.q=1$ 6 $\text{ }\pi/2-$
6 3 3: $4_{\}$ $0$
(2) $\theta-\vee 2\pi/3$ $p=61991193600=2^{\mathrm{l}0}\cdot 3^{2}\cdot 0^{r2}\cdot 7^{2}\cdot 17^{2}\cdot 19$,
$q=183^{\ulcorner}\mathrm{Q}78].1081=157^{2}\cdot 863^{2}$ 19 2\mbox{\boldmath $\pi$}/3-
19 fi 3 544/105, 1995/136, 254659/14280
2\mbox{\boldmath $\pi$}/3
. $\mathit{1}$]) $>3$ $F_{|J,\frac{\pi}{3}}$ , $E? \mathrm{J},\frac{2n}{3}$ $\theta=\pi/3,2\pi/3$
$P$ Mordell-Weil-
rank $?’(-|.\uparrow l\cdot/\iota.E(\mathrm{Q})$ Shafarevich-Tate $\mathrm{I}\mathrm{I}\mathrm{J}(E/\mathrm{Q})$
$\uparrow’ \mathrm{c}.\mathrm{t}.?7,kEp,\frac{\pi}{3}(\mathrm{Q})+di,m_{2}\mathrm{I}\mathrm{I}\mathrm{J}(E_{p,\frac{\pi}{3}}/\mathrm{Q})[2]$
$=$ $\{$
for $p\equiv 5,7,19$ (mod 24)
1 for $p\equiv 11,13,17,23$ (mod 24)
2 for $p\equiv 1$ (mod 24)
$7^{\cdot}(. \cdot nkE_{p.\frac{\underline{\circ}_{\pi}}{3}(\mathrm{Q})}+di\uparrow’ 1_{2}\mathrm{L}\mathrm{I}\mathrm{I}(E_{\nu},\cdot\frac{\underline{)}\pi}{\theta}/\mathrm{Q})[2]$
$=$ $\{$
$0$ $f\dot{o}r$ $p\equiv 7,11$ (mod 24)
1 for $p\equiv 5,17,19,23$ (mod 24)




$.\backslash !1_{01}\cdot \mathrm{d}\mathrm{e}\mathrm{l}1- 1\lambda\prime \mathrm{e}\mathrm{i}1- \mathrm{r}\mathrm{a}1\iota \mathrm{k}$
. 1) $P$ 24 7, 11 13
$p \text{ }\frac{2\pi}{3}-$ $P$ 24 23
$p\text{ _{}\frac{2\pi}{3}-}$













$\theta$ $\pi/3$ , $2\pi/3$
Frev $E/\mathrm{Q}$ Tate-Shafarevich
III $(E/\mathrm{Q})$ $2-\mathrm{P}^{\mathrm{l}\mathrm{i}\mathrm{t}\Gamma}\mathrm{n}\mathrm{l}\mathrm{a}\iota\cdot \mathrm{y}1^{)_{\dot{\zeta}}}\mathrm{C}$ $cli_{-\gamma\cdot 1}\mathrm{z}_{2}\mathrm{I}\mathrm{I}\mathrm{I}(E/\mathrm{Q})[2]=$
$([l])$ III $(E/\mathrm{Q})$
$\mathrm{B}\mathrm{i}\mathrm{l}\cdot \mathrm{C}.\mathrm{h}- \mathrm{S}\backslash \mathrm{v}\mathrm{i}\mathrm{l}\mathrm{l}\mathfrak{U}\mathrm{C}.1^{\cdot}\mathrm{t}|\mathrm{o}\mathrm{n}-\mathrm{D}.\mathrm{V}$er
12
. $\mathit{1}^{l}$ $P$ 24 11, 13, 17, 23












) $\theta-$ $E_{n,\theta}$ $E_{1,\theta^{\text{ }}}?l$-twist




$(13\mathrm{i}1^{\cdot}\mathrm{C}^{\cdot}1_{1}:[1])$ . $\mathit{1}^{J}$ 4 3 $p=96\tau^{2}-\mathrm{S}^{2}$
$\mathrm{Z}$
$P$ $E$ : $]^{\prime 2}=(X-1)(X^{2}-4)$ $(-p)$ -twist $E^{1-p)}$
$\mathrm{Q}$
Birch $E$ \mbox{\boldmath $\pi$}/3-
$E_{1,\pi/\backslash \}}.$. $\mathrm{Q}$ $E_{p,2\pi/3}$ $E_{1,\pi/3}$
$(-p)-\uparrow_{1},’\backslash :\mathrm{i}\backslash \mathrm{s}^{1}\mathrm{t}$ 2\mbox{\boldmath $\pi$}/3-
$P$
$\mathit{1}^{J}=$ 96T-, –S2 $\mathrm{Z}$ $P$ $P$
[1]
$H^{*}/\Gamma_{0}(24)$ model $J_{24}$ Fricke 4 $C_{24}([1,7])$
13
Fl icke $-$
$\Gamma_{0}(24)=\{\in SL_{2}(\mathrm{Z})$ : $c\equiv 0$ (mod 24)} $\text{ }H$ Im(z) $>$
$0$ $\Gamma_{0}(24)$ $H^{*}=H\cup \mathrm{Q}$




8 $(\mathrm{p}458,[8])$ $j$ $\Gamma_{0}(1)=SL_{2}(\mathrm{Z})$ modular in-
$\mathrm{v}\cdot \mathrm{a}\mathrm{l}\cdot \mathrm{i}\mathrm{a}\mathfrak{U}\mathrm{t}_{\text{ }}.j_{2\cdot 1}.(.\neg\vee)=j(24^{\sim}.\vee)$ $j$ $j_{24}$ FFO(24)
$=\in\Gamma_{0}(24)$ $\gamma(j(z),j_{24}(Z))=$
$(j(^{\wedge\sim}’. \vee),.)\underline{\cdot)}.\cdot \mathrm{t}(\wedge\prime\prime.\cdot..\cdot))=(j(\frac{a\approx+b}{c\approx+d}),j(24\cdot\frac{az+b}{cz+d}))=(j(^{r}\sim),j(.\frac{a\cdot 24z+24b}{c/24\cdot 24z+d}))=(j(_{Z}),j($.
$24\approx))=(j(_{\vee}^{\sim}.\cdot\cdot),i_{24(_{\vee}))}.$? $j$
j24 rnodular equation $F_{24}(j,i_{24})=0$
$J_{24}$ : $F_{24}(u, v)=0$ $arrow \mathrm{x}_{0}(24.):=H^{*}/\Gamma_{0}(24)$ 1





4 ^.\breve $z’\in F_{0}(24)$ $z$
z’ $F_{0}(24)$ $J\mathrm{o}(24)$
$(i(_{/}^{-\cdot),.j_{-}\iota}..)_{-}(Z))=(j(_{\sim}\cdot’),j\underline{.)}4(,\sim\vee’))$ o $a,$ $b,$ $c,$ $d,$ $A,$ $B,$ $C,$ $D\in$
$\mathrm{Z},$ $ad-l)c=AD-BC=1$ $a=A,$ $24b=B,\sim c=24c,$ $d=D$
$\text{ ^{ } _{}\frac{24az+24b}{rz+d}},\cdot=\frac{2\mathit{4}A_{\sim}+B}{24C’z+D}$
,
$-‘ \prime \mathrm{t}\cdot I==(_{-2\mathit{4}a\overline{c}c}c\iota D.,’\frac{Bc}{\dagger^{\wedge}A\mathrm{o}_{4}}-24bcbD-\frac{Bd}{24,+}Ac\downarrow)\in SL_{\mathit{2}}(\mathrm{Q})$
$F_{0}(24)$ elliptic ( M (24)
$z,$
$-\overline{\backslash _{\sim}\backslash \cdot}$ )Elliptic element $M$
$|tr\cdot l|./I|<2$ –
$| \mathit{0},D-.\frac{JJ.r}{24}-24bC+Ad|<2$ -2304 $\leq$
$\triangle(z)<0$ $\approx$
Flicke [8] \tau (z) $\sigma(z)$ 2 modular
14
$\tau(z),$ $\sigma(^{\sim}..)$ : $\tau(\nearrow\vee)\in \mathrm{Q}(j(Z),i_{24}(z))\text{ }$
$\tau(_{\sim}^{\sim}.)$ .j(,\sim ,) $i_{24}(z)$ $\sigma(z)/(j(z)-i2\mathit{4}(Z))\in \mathrm{Q}(\tau(z))\text{ }$
$\sigma^{2}(z)=f(\tau(z))=\tau^{4}(_{\sim}^{\sim}$. $)-12\tau^{3}(Z)+32\mathcal{T}(\mathit{2}Z)-24\tau(z)+4(\mathrm{p}459[8]$ ,
[1] $)$ $\mathrm{T}/\dagger^{\mathrm{v}}$, $\eta^{r},z=-1/24\approx$ involution W] 24
; $W(j(z),j_{\mathit{2}4}(Z))=(j(Wz),i\mathit{2}4(W_{Z}))=$
$j(-1/24_{\vee}^{\sim}.),.j(-1/z))=(j(24Z),j(z))=(j_{24}(z),j(Z))_{0}\tau(z)$
$i$ .?’-4 $W$- FF0(24)/W
- $\sigma(z)$ $W$ \mbox{\boldmath $\sigma$}(Z)
$\mathrm{T}4^{r}/$ $F_{0}(24)\mathrm{n}\{_{\sim}^{-} : |z|\geq\sqrt{6}/12\}$ $F_{0}(24)\cap\{_{\sim’}^{\sim} : |z|\leq\sqrt{6}/12\}$
$13\mathrm{i}\mathrm{j}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}$ I $=\sqrt{6}/12$ $z$
$F_{0}(.24)$ Fricke 4 $C,24$ : $\sigma^{2}=$
$\tau^{\mathit{4}}-12\tau^{\backslash }\}+32\tau^{2}-24\tau+4$
$(\tau, \sigma)$ : $F_{0}(24)$ $arrow$ $\rho_{\mathrm{B}A}$.
$|z|>\sqrt{6}/12$ Xef









[1] 1 $-p=S^{2}-96T^{2}$ $(S,T)$ 24
$\mathrm{Q}(\sqrt{-p})-$ $(j(\omega)_{\}}j24(\omega))$ $\omega$ $\omega=\frac{S+\sqrt{-\mathrm{P}}}{48T}$
$\triangle(\omega)=-p,\overline{j24(\omega)}=j(\omega)$ ( $\omega$
Heegner $\mathrm{p}_{\mathrm{o}\mathrm{i}\mathrm{n}}\mathrm{t}\circ$ ) . $-\mathrm{p}=\mathrm{S}^{2}$ –96T2 $(S, T)$
$p\equiv 23$ (mod 24)
\Delta (\mbox{\boldmath $\omega$}) $=-p<-2304$ $\pi$ $(j(\omega),j\mathit{2}4(\omega))$
15
$(\tau(_{\mathrm{L}\mathrm{t}}i), \sigma(\omega)),$ $\tau(\omega)\in \mathrm{Q},$ $\sigma(\omega)\in \mathrm{Q}(\sqrt{-p})\backslash \mathrm{Q}$ ([1])
$(\tau, \sigma)\mapsto(\tau, \sigma/\sqrt{-\mathit{1}^{J}})$ C24 $(-p)$-twist $c_{2}^{(\mathrm{Z})}$




$C_{24}^{(-p\rangle}$. Jacobi $\mathrm{Q}$ Mordell-Weil-
rank $\mathrm{J}\mathrm{a}\mathrm{c}\mathrm{o}\mathrm{l}$) $\mathrm{i}$ Birch
E(-\rho ) $E_{\rho.\frac{\pi}{3}}\underline{.}$ $\mathrm{Q}$
[1] $\pi$ $\omega=$ ”$\frac{\mathrm{j}+\sqrt{}^{\overline{-l^{J}}}\wedge}{4\mathrm{b}^{\backslash }T}\in F_{0}(24)$ well-clelined
$\omega’$
$.I_{21}.-!\backslash$ { } $\pi$ well-defined
$p>23()4$
$jJ\equiv 2.3$ (lllod 24) $23\leq p<\mathit{2}304$ 42
[10] 73 $E_{l^{J,\frac{\circ_{\pi}\vee}{3}}}$
rallk 1 $p\equiv 23$
(lllod 24)
. 23 $2\pi/3-$ ‘2 $3\sqrt{3}$ 3 $\text{ }\frac{14}{5},$ $\frac{230}{7},$ $\frac{1\mathit{2}0\mathit{2}}{35}$
$2\pi/3$ - 2039 2\mbox{\boldmath $\pi$}/3-
2039 $\sqrt{3}$ 3 $\text{ }\frac{\mathrm{b}^{\backslash }9133931107\mathrm{b}7}{70311443271\ulcorner \mathrm{J}601_{\mathrm{J}00\iota 1}\ulcorner 79}.,’.\cdot\cdot\frac{2\mathrm{b}^{\tau}67300606\ulcorner 61422291748^{\backslash }07962}{44_{\mathrm{J}}^{\ulcorner}66965\mathrm{s}r\mathrm{o}39347\mathrm{s}^{\urcorner}6736_{\mathrm{c}}^{r})99}$,
$..\cdot..$ .
$\frac{20361.93\supseteq\cdot\overline{)}\mathrm{b}_{\mathrm{C}}\backslash \backslash ^{1}l-rightarrow}{3\iota i\}3r_{()(_{)}03}\supset(-\overline{l}106\mathrm{J}\mathrm{o}s\triangleleft\overline{l}443\mathrm{L}1\sim \mathrm{I}^{\mathrm{c}}\mathrm{J}0^{\underline{9}\mathrm{r}\cdot\triangleleft 6\overline,)})arrow(\backslash 06’\mathrm{J}47\angle\}\ulcorner 0_{arrow)}\mathrm{J}- 1}$
‘ $.\cdot,\cdot..\cdot$ , 2\mbox{\boldmath $\pi$}/3-
[1] Birch,B.J., Elliptic Curves and $\mathrm{M}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}_{11}\mathrm{c}\backslash$ Functions, Symposia Math.
4. 1970, 27-32.
[2] $\mathrm{B}\mathrm{i}_{1}\cdot \mathrm{c}\cdot]_{1},\mathrm{B}..\mathrm{J}.$ . Hcegner Points of Elliptic Curves, Symposia Mathemat-
ica XV, 1973,
441-445.
[3] Chahal, J. S., On an Identity of Desboves, Proc. Japan Acad., 60,
16
Ser. $\mathrm{A}$ , 1984, 105-108.
[4] Coats,J.,Wiles,A., On the Conjecture of Birch and Swinnerton-Dyer,
Invent. Math. 39, 1977, 223-251.
[5] Cornell,G., $\mathrm{S}\mathrm{i}1_{\mathrm{V}}\mathrm{e}\mathrm{r}\mathrm{n}1\dot{c}\mathrm{l}\mathrm{n},\mathrm{J}.\mathrm{H}.,\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{V}\mathrm{e}\mathrm{n}\mathrm{S},\mathrm{G}.(\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{S})$ , Modular Forms and
Fermat’s Last Theorem, Springer-Verlag, New York-Berlin-
Heidelberg, 1997.
[6] Dianlond,F., Kranler,K., Modularity of a family of elliptic curves,
Math. Research Letters 2, 1995, 299-305.
[7] Frey, $\mathrm{C}_{\mathrm{v}}.$ , Sonle Aspects of the Theory of Elliptic Curves over Number
Fields. Exposition.Math. 4, 1986, 35-66.
[8] Fricke R., Lehrbuch der Algebra III , Braunschweig, 1928.
[9] Fujiwara,M.. $\theta$-congruent nunlbers, Nunlber Theory, ed. by $\mathrm{C}_{\mathrm{T}}\mathrm{y}_{\acute{\acute{\mathrm{O}}}}\mathrm{r}\mathrm{y}$ ,
Peth\’o, S\’os Walter de $\mathrm{G}\mathrm{r}\mathrm{u}\mathrm{y}\mathrm{t}\mathrm{e}\mathrm{r}_{!}$ 1997, 235-241.
[10] Gross,B., Zagier,D., Heegner Points and Derivatives of $\mathrm{L}$-series, In-
vent. Math. 84, 1986, 225-320.
[11] Heegner,K.. Diophaultine Analysis und Modulfunktionen, Math.Z.
56. $1952_{J}.2\mathit{2}$7-253.
[12] Monsky,P., Mock Heegner Points and Congruent Numbers,
Math.Zeitschrift, 204, 1990, 45-68.
[13] Kolyvagin,VA., Finiteness of $E(\mathrm{Q})$ and $\mathrm{I}\mathrm{I}\mathrm{I}(E/\mathrm{Q})$ for a subclass of
Weil curves, (Russian) Izv. Akad. Nauk. Ser. Mat. 52, 1988, no 6.,
1154-1180; translation in Math USSR Izv. 33 no. 3, 1989,473-499.
[14] Serf. P.. $\mathrm{C}_{\mathrm{o}\mathrm{n}\mathrm{g}_{1\mathrm{t}\mathrm{e}\mathrm{n}\{}}\cdot 2$ numbers and elliptic curves, in Computational
Nulnber Theory, Peth\={o}., Pohst, $\mathrm{w}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{n}\mathfrak{B}$ , Zimnler, $\mathrm{e}\mathrm{d}\mathrm{s}.$ , Walter de
Glu.$\backslash$. $\mathrm{f},\mathrm{t}^{1}1^{\cdot}$ , 1991, 227-238.
[15] Silvernlrm. J. H., The $Ar\cdot ithmetic$ of Elliptic Curves, Springer-Verlag,
New $\mathrm{Y}\mathrm{o}\mathrm{l}\cdot \mathrm{k}- \mathrm{B}\mathrm{e}\mathrm{l}\cdot \mathrm{l}\mathrm{i}\mathrm{l}\mathrm{l}$-Heidelberg, 1986.
[16] Wiman, A., Uber den Rang von Kurven $y^{2}=x(x+a)(x+b)$ , Acta.
lnath. 76, 1944, 225-251.
17
